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Abstract 



I review the basic idea of fcj_-factorization and its relation to collinear factoriza- 
tion. Theoretical results in resummed perturbation theory are summarized and 
the example of the heavy-flavour structure functions is explicitly considered. 
Using these results one can investigate the small- X behaviour of quantities that 
are independent of the non-perturbative parton densities. In particular, one 
can introduce physical anomalous dimensions that relate the scaling violations 
in different hadronic observables. 
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Rome, Italy, 15-19 April 1996. A shorter version will appear in the Proceedings. 



1 /cx-factorization in hadron collisions at high energy 



Hadron collisions at large transferred momentum Q (Q ^> A, A being the QCD scale) can 
be studied in QCD perturbation theory by computing the corresponding cross sections as 
power-series expansions in cts(Q 2 )- In the high-energy regime y/S 3> Q (V~S the centre- 
of-mass energy) or, equivalently, at small values of the ratio x = Q 2 /S, the coefficients of 
these power-series expansions contain logarithmically-enhanced contributions of the type 
ln n x. As soon as aslnl/x ~ 1, the fixed-order expansion in as is no longer reliable. The 
higher-order contributions (a^lnx)" - have to be evaluated and, possibly, resummed to all 
orders in perturbation theory. 

The basic theoretical input for the resummation is provided by the BFKL equation [|TJ 
for the gluon distribution T{x, k±; Q ). This distribution describes the evolution of an 
initial-state gluon with momentum p M (p 2 = Q% ~ lGeV 2 ) into an off-shell gluon with 
momentum k^ = xp^ + kj_^ {—k 2 = —kj 2 ^> Ql). The evolution process is obtained by 
radiating final-state partons with momenta k^ (k± = k±i). The BFKL equation thus 
resums (a^lnx)™ terms due to gluon evolution over the large rapidity gap y = In 1/x. Since 
these terms are produced by emission of partons with any transverse momentum no 
fc_i_-ordering is embodied in the BFKL equation. 

Gluons are not directly observable in scattering processes. Having at our disposal the 
BFKL equation, we still have to relate it to physical cross sections. The relation is provided 
by the fc^-factorization theorem [3], Q. In the case of processes involving a single incoming 
hadron, like, for instance, in deep-inelastic lepton-hadron scattering (DIS), the cross section 
is written as follows 

a(x,Q 2 ) = f 1 — fd 2 k ± a(x/z,Q 2 ;k ± )T(z,k ± ) , (1) 

J x Z J 
rl rig _ 

F(x,k ± ) = / —F{x/z,kr,Qo)f g {z,Qa) . (2) 

J x Z 

In Eq. (H) the lower-end gluon {p 2 = Ql) of the BFKL distribution T{x, k±; Qo) is first 
coupled to the incoming hadron via a non-perturbative (but process-independent) gluon 
density f g (x,Qo). Then, in Eq. (|l|) the upper-end gluon k is coupled to the scattering 
process via the partonic cross section a. Note that, since the (aslna;) n contributions to 
a(x, Q 2 ) are due to the emission of partons with any k ±i , in order not to spoil the consis- 
tency of small- a; resummation, the partonic cross section a(z, Q 2 ; kj_) has to be properly 
defined (and perturbatively computed) in terms of an incoming off-shell (k 2 = k± 2 ) gluon. 
Accordingly, an unconstrained fc^-integration is involved in the factorization formula (0). 

2 Collinear factorization and small-x resummation 

Equations (|l|J^) have to be compared with the customary perturbative QCD formulae as 
obtained by applying the factorization theorem of collinear singularities ||. According to 
the latter the hadronic cross section is written in the following way 

a(x, Q 2 ) = a (Q 2 ) - C a (x/z, a s {Q 2 )) f a (z, Q 2 ) , (3) 

a Jx Z 
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where the rescaling factor <Jo(Q 2 ) has been introduced to make dimensionless the coef- 
ficient functions C a (x, as{Q 2 ))- The parton densities f a {x,Q 2 ) fulfil the Altarelli-Parisi 
equations ||: 

d ^tpP = E £ dz p ^ a s(Q 2 )) U*/z, Q 2 ) . (4) 



Both the coefficient functions C a (x, as) and the Altarelli-Parisi splitting functions P a b(%, ®s) 
are computable in perturbation theory order by order in as- 

The main difference between the factorization formulae ([!]) and ([3]) is due to the presence 
of the additional k± integration in Eq. ([]]). Nonetheless, /c_|_-factorization can be recast in 
a form that is fully consistent with collinear factorization 0, 0. One first solves the BFKL 
equation and factorizes the k± dependence in Eq. (|j) with respect to scale-dependent parton 
densities. Then, one inserts this /cj_-dependent factor into Eq. ([[]) and explicitly carries out 
the integration over k±. As a result, one ends up with Eqs. (|3|||) but coefficient functions 
and splitting functions are no longer evaluated in fixed-order perturbation theory. They 
are indeed supplemented with the all-order resummation of the logarithmically-enhanced 
contributions ln m x at small x. /cj_-factorization is thus a powerful tool: the infinite per- 
turbative summation of the logarithmic terms in C a (x,as) and P a b(%, &s) is accomplished 
by a fixed-order computation of the off-shell cross section a(x, Q 2 ; k±) |2|, [7] and of the 



kernel of the BFKL equation @, |, 1C . 



Note that the coefficient functions and the parton densities on the right-hand side of 
Eq. (|3p are not separately physical observables. One has some freedom in redefining them 
(and, correspondingly, the splitting functions in Eq. (|])), provided that their convolution, 
i.e. the physical cross section on the left-hand side of Eq. ([3D, is left unchanged. This free- 
dom is called factorization-scheme dependence. The steps leading from the fc^-factorization 
formulae (|l|,@) to resummed splitting and coefficient functions can be performed by having 
full control of the factorization-scheme dependence [|ll|, [5J. This property is essential for 



the consistency between fc^-factorization and collinear factorization. 

To the purpose of discussing the main theoretical results of the resummation pro- 
gramme, it is convenient to introduce the iV-moments. For any function g(x, . . .), I define 
its iV-moments ^at(. . .) in the usual way: 

g N (...)=f dx x N ~ l g(x, . . .) . (5) 
Jo 

In particular, the anomalous dimensions 7^ n (a 5) are related to the iV + 1-moments of the 
Altarelli-Parisi splitting functions, that is, j a b,N( a s) = Pab,N+i( a s)- Note that logarithmic 
contributions of the type ln n_ x in x-space correspond to multiple poles (1/N) n for iV — ► 
in iV-space. 

As for the parton flavours a, it is useful to consider singlet (a = g, S) and non-singlet 
(a = {a NS }) terms. Thus f g is the gluon density, and the singlet-quark density is related 
to the quark (f q .) and antiquark (fg ) densities as fs = J2f(fq f + 

The first general results following from the fc^-factorization theorem regard the classi- 
fication of the small-x logarithmic contributions. One can show p] that logarithmic terms 
in the non-singlet sector (coefficient functions and splitting functions) are suppressed by 
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(at least) a power of x with respect to similar terms in the singlet sector. Thus, non- 
singlet corrections are negligible at small x and are not considered in the following (they 
are reviewed elsewhere in these Proceedings ||12|| ). In the singlet channel one can show 
that the perturbative expansions of the splitting functions and of the coefficients functions 
for totally inclusive cross sections contain at most one power of lnx (or 1/N, in iV space) 
for each power of as- Thus, one can set up an improved perturbative expansion at small 
x by systematically resumming the leading logarithmic (LL) contributions (as/N) n , the 
next-to-leading logarithmic (NLL) terms ots{ois/N) n and so forth. 

Among the various anomalous dimensions and coefficients functions, only the gluon 
anomalous dimensions 7 99 ,jv and j g g i jy have LL contributions. They are given by 

l 9g ,N(as) = l g s,N(as) + o(a s (j^ ) = 7N(as) + o(a s (j^ ) , (6) 



where 7^(05) is the celebrated BFKL anomalous dimension |L3|, 0, [7||, whose explicit ex- 
pression will not be reported here. 

All the NLL calculations carried out during the last few years lead to analytic formulae 
given in terms of the BFKL anomalous dimension 7^. The NLL contributions to the 
quark anomalous dimensions 7s 9 ,iv and "fss,N have been computed in Ref. [J/J. Among 
the NNL terms in the gluon anomalous dimensions, those proportional to Nf have been 
evaluated recently |H|. The calculation of the remaining NLL contributions to 7 99 ,at and 



1gS,N is in progress || ||, |K|. The processes whose coefficient functions are known to 



NLL accuracy are the following: the structure function F2 and the longitudinal structure 
function Fl in DIS @, the heavy-flavour photoproduction @] and hadroproduction || ||, |J 
cross sections, the heavy-flavour cross sections via intermediate-vector-boson exchange |H| 
and the heavy-quark structure functions in DIS @ . Since preliminary experimental results 
on charm production in DIS at HERA have been presented at this Workshop |R>), in the 
following Section I review the resummed formulae for the heavy-quark structure functions. 



Note that all the NLL results summarized above are factorization-scheme dependent [|TT 



16]. The factorization scheme that is actually used has to be always specified. 



3 Heavy-flavour structure functions in DIS 

The heavy- flavour structure functions F®® , F®® are completely analogous to the custom- 
ary DIS structure functions F 2 , F^ with the only additional constraint that heavy quarks of 
mass M are produced in the final state. The collinear factorization formula can be written 
as follows (i = 2, L) 

F t QQ ^Q 2 ;M') = Y,[ 1 -C^ a (^z,asm-,Q 2 /M")f a (z,Q') . (7) 

Note that in Eq. (|7|) I have defined F± as function of Q 2 , M 2 and the inelasticity variable 
£, which is related to the customary Bjorken variable x by ^ = x(l + AM 2 /Q 2 ). Since 
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< £ < 1, considering the iV-moments of (£, Q 2 ; M 2 ) with respect to £, one obtains 
if «(Q 2 ; M 2 ) = 2 > 5 (Q 2 ); Q 2 /M 2 ) /^(Q 2 ) . (8) 



The coefficient functions have been computed up to one-loop order in Ref. [ |T7|j . 

The corresponding resummed formulae to NLL accuracy were obtained in Ref. f2j. The 
gluon coefficient functions are given as follows 



°i,Af \ a S; 



M 2 



R 



N 



Q*h( lN ) (M*y / + q 2 



N 



16n 2 aM 2 V Q 



4M 2 



K 



(0^ 



(9) 



where 7at = 7jv(as) is the BFKL anomalous dimension in Eq. (j^j and -Rat = Rn(c(s) is 
a factorization-scheme dependent term (it is the same in the MS and DIS schemes: see 
Eq. (3.17) of the second paper in Ref. 0). The functions ^(7) and K^\Q 2 /M 2 ) are 
respectively given in Eqs. (3.9) and (4.18) of the second paper in Ref. M. The explicit 
expression for K%\Q 2 /M 2 ) was not reported in Ref. 0. It is: 



K 



Q 2 



Q 2 



-(N+l) 



N 



+ 1 



M 2 J \ AM 2 , 

7AT-1 



(7-5 7 7v)(l + 2 7i v) 



1 - 7jv + 



6M 2 

Q 2 " 



AM 2 ) 



Q 



7tv(1 - 1n)^Jp ~ 2(1 - In) 



6M 2 



(10) 



7^,1/2; 3/2; 



Q 2 



Q 2 + AM 2 ■ 



where F(a, b; c; z) is the hypergeometric function. In the MS and DIS schemes the NLL 
contributions to the singlet-quark coefficient functions are obtained from those in the gluon 
coefficient functions by the following colour-charge relation 



c ?$i^w 2 



C A 



i, N \ a S; 



M 2 



2tt 1 < N \M 2 



(11) 



where the second term in the square bracket is the lowest-order term in the perturbative 
expansion of C? N ' 9 (a s , Q 2 /M 2 ). 



4 Factorization-theorem invariants at small x 

So far, the most important phenomenological consequence of small- x resummation is its 
large effect fl8| , |19| , pOU on the scaling violation of the proton structure function F2 in the 
HERA kinematic region. To asses the relevance of this result, further investigations, in 
particular on the impact of subleading contributions, are necessary. At the same time, 
however, it is worthwhile pointing out that the factorization-scheme dependence can play 
an important role. 

The freedom of arbitrarily choosing the factorization scheme is not a particular feature 
of small- 2 dynamics. In general, its effect amounts to a redefinition of the input parton 
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densities that is perturbatively under control. The effect, instead, can be quite large in the 
small-x region because each power of a g can be accompanied by an enhancing logarithmic 
factor of In \jx. 

After having fixed splitting and coefficient functions (using either fixed-order or re- 
summed perturbation theory), the QCD analysis of the HERA data on F 2 requires to fit 
the x-dependence of the parton densities at some input scale Qq. As a result one may 
find the dominant small-x behaviour f g (x,Ql) ~ const, as well as a steeper behaviour 
fg{ x ,Qo) ~ x~ x . No matter the behaviour one finds, one would be led to conclude that 
it is due to non-perturbative phenomena. Actually, by simple power counting one can 
argue [2I| that the difference between these two extreme behaviours can consistently be 



attributed to different factorization schemes or, equivalently, to higher-order (i.e. beyond 
the LL accuracy) logarithmic contributions in perturbation theory. 

This argument may appear very formal (it is indeed provoking, to some extent) and 
with no physical content. Actually, the factorization-scheme dependence, rather than an 
ambiguity in higher-order perturbative coefficients, has to be regarded more physically as a 
parametrization of our ignorance in factorizing perturbative from non-perturbative physics. 
Studying the proton structure function we have at our disposal two quantities, F 2 and 
dF 2 / 'dlriQ 2 , and, besides perturbative QCD, we have to introduce two non-perturbative 
distributions, fg and f 9 . Roughly speaking, the sole proton structure function does not 
provide sufficient information to fully disentangle perturbative from non-perturbative dy- 
namics at small-x. 

A better theoretical control on perturbative physics can be achieved by exploiting the 
very physical content of the collinear-factorization theorem, that is, the universality (process 
independence) of the parton densities. This means that the same parton densities and the 
same perturbative approach have to be used to study the small- x behaviour of different 
physical observables. Considering more observables, besides F 2 , one can (over-) constrain 
the definition of the parton densities thus eliminating the factorization-scheme dependence 
and emphasizing the perturbative QCD component. 

The fc_|_-factorization approach shares these universality features and provides resummed 
perturbative calculations for many different processes. Thus, one can introduce quantities 
that are invariant with respect to factorization-scheme transformations. As discussed in 
Refs. @, [14|], one can consider ratios of hadronic cross sections and properly defined K- 
factors (the functions K$ in Eq. @ are an example for that) in which the dependence 
on the parton densities cancels. These i^-factors are factorization-scheme independent by 
definition. Analogously, by simply using two hadronic observables one can formulate the 
dynamics of scaling violation enterely in terms of perturbative quantities that play the role 
of physical anomalous dimensions |2T| . 
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4.1 Physical anomalous dimensions 



Considering two different hadronic observables Fa and Fg (for instance, F 2 and Fl or 
Fr ? ), one can write down evolution equations in the following form 

dF A (x, Q 2 ) f 1 dz r 



c/lnQ 5 



/ - \T AA (x/z,a s (Q 2 ))F A (z,Q 2 ) 

J x Z L 

+ T AB (x/z,a s (Q 2 )) F B (z,Q 2 )} . (12) 



The parton densities have completely disappeared. Equation (|12"D relates the scaling vio- 
lation of two physical observables to the actual value of the same observables. Thus the 
kernels T A b(x, as) are physical observables as well. Owing to the formal resemblance to 
the Altarelli-Parisi splitting functions in Eq. (|j), the kernels Tab{x,&s) can be considered 
as physical splitting functions and, correspondingly, their moments Tab, n(&s) are physical 
anomalous dimensions. 

Each of the physical splitting functions is factorization-scheme invariant and thus un- 
ambiguously computable in perturbation theory. In other words, from the viewpoint 
of perturbative QCD, each Tab(x, as) is completely analogous to the celebrated ratio 
R e + e - = a(e + e~ — > hadrons)/a"(e + e~ — > in e + e~ annihilation. 

Although the kernels Tab can be evaluated without carrying out any factorization 
procedure, they can be related ETJ to the customary splitting and coefficient functions. 



Therefore, for any process whose coefficient functions are known to one-loop order, one can 
straightforwardly obtain the corresponding physical anomalous dimensions to the same 
accuracy. Analogously, using the resummed calculations listed in Sect. |2j, one can derive 
resummed expressions for the physical anomalous dimensions. In the case of {F a ,Fb} = 
{i<2, Fl}, for instance, the anomalous dimension Tll contains LL terms and they are simply 
given by the BFKL anomalous dimension: 

T L L,N(a s )=lN(as) +0(a s (a s /N) n ) , (13) 

while T2L (which drives the scaling violation in the quark channel) enters only to NLL 
order and is given by 



«s r a s 



1 - <y N (a s ) 2 



o 7tv("s) 



+ 0(a 2 s (a s /N) n ) . (14) 



The expression (0) is remarkably simple in comparison with those || 0, [K| of other 
factorization-scheme-dependent quantities to NLL accuracy. 



In the evolution equation ( 12[) the small-x perturbative dynamics is completely con- 
trolled by the physical anomalous dimensions. No subtle theoretical interplay between per- 
turbative logarithms and steepness of parton densities takes place. The physical anomalous 
dimensions can be evaluated both in fixed-order perturbation theory and in resummed per- 
turbation theory. For any given set of observables and kinematic region of x, one can thus 
compare the two approaches and study the theoretical accuracy of the perturbative expan- 
sion. Having done that, one can go back to the customary partonic picture and investigate 
more safely the small-x behaviour of the non-perturbative parton densities. 
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A more detailed discussion on physical anomalous dimensions can be found elsewhere [21 
and some phenomenological studies have already been presented at this Workshop |22 . 
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